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Abstract. We consider improvements of Dirichlet's Theorem on space 
of matrices Mm,n(R)- It is shown that for a certain class of fractals K C 
[0, 1]""* c Mm,n(M.) of local maximal dimension Dirichlet's Theorem 
cannot be improved almost everywhere. This is shown using entropy 
and dynamics on homogeneous spaces of Lie groups. 



1. Introduction 

1.1. Dirichlet's theorem. Let m, n be positive integers and denote by 
Mm,n = the space mxn matrices with real entries. Dirichlet's Theorem 
(hereafter abbreviated by DT) on simultaneous diophantine approximations 
says the following: 

DT(m, n): Given Y S Mm,n and > 1, there exist q = [qi, . . . , qm) £ 
Z'"\{0} C Mi,„ and p = (pi, . . . G C Mi,„ with 

||ql^ + p||<^ and ||q|| < iV". 

Here and hereafter, unless otherwise specified, || • || stands for the sup norm 
on M'^, i.e. ||(xi, . . . , Xfc)|| = maxi<j<fc \xi\. We use Bs{x) (or Bg \i x = 0) to 
denote the ball of radius s centered at x in this norm. 

Given Y as above and a positive number a < 1, we say DT can be a- 
improved for Y, and write Y £ DIo-(m,, n) or y € DI^^ when the dimensions 
are clear from the context, if for every large enough one can find q = 
(qu ...,qm)e Z™\{0} and p = (pi, . . . G with 

(1.1) ||qy + p||<^ and ||q|| < criV". 

We say that DT can be improved for Y ii Y € DI^j for some < cr < 1. 
The following theorem of Davenport and Schmidt says that for most Y DT 
can not be improved. 

Theorem 1.1 ( |DSj ). For any m, n € N and positive number a < 1, the set 
DIo-(m,n) has Lebesgue measure zero. 
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In fact only the cases with m = 1 or n = 1 are proved in [DSj . But the 
method there can be generahzed to the settings above. After [DS] . there are 
different strengthens and generahzations of Theorem II. 1[ There are detailed 
reviews of the history of these developments in [KWJ and [Sb] . In these two 
papers, they successfully strengthen Theorem 11.11 for the cases of m = 1 or 
n = 1. In the case m = 1, [KW| showed that for a large class of measures 
(e.g. friendly measures in [KLW] ) DT can not be u-improved for almost every 
element if o" < uo for some positive number ctq depending on the measure. 
After that, Shah improved the result by removing the upper bound do for a 
special kind of measures concentrated on analytic curves. More precisely, 

Theorem 1.2 ( |Sh| ). Let : [a,b] M'^ be an analytic curve such that 
<p{[a,b]) is not contained in a proper affine subspace. Then Dirichlet's the- 
orem DT{l,k) and DT{k,l) can not be improved for if{s) for almost all 
s e [a, b]. 

1.2. Nonimprovability of DT for fractal measures. Our aim is to gen- 
eralize Theorem 11.11 in a direction in some sense opposite to Theorem 11.21 
Instead of a smooth one-dimensional submanifold, we are going to consider 
measures supported on a full Hausdorff dimension subset of Mm,n and show 
that for /X almost every point DT can not be improved. Without loss of 
generality, we are going to work with measures on J = [0,lf C R''. Let / 
and g be real valued functions depending on e, then / <Ce g means f < Cg 
for some constant C > depending only on e. 

Definition 1.3. Let ;U be a probability measure on J. We say /j, has local 
maximal dimension if there exists sq > such that for any e>0, < S < 1, 
< s < So, and x £ J one has 

(1.2) KBssix)) «, 6''-'^,{Bs{x)). 

We also say /i has SQ-local maximal dimension if sq is known. 

Remark 1.4. ()1.2p implies supp(/i) has Hausdorff dimension k. 

In Theorem 16.31 we prove that DT(m, n) can not be improved almost 
everywhere if /i implies some non-escape of mass property. In particular, we 
have: 

Theorem 1.5. Let ^ be a Borel probability measure on [0, 1]" C Mi^„ with 
local maximal dimension. If fx is Federer (see Section\^, then DT{l,n) can 
not be improved for fj, almost every element. 

1.3. Example of fractal measures. It is easy to see that the Lebesgue 
measure on [0, 1]^ has local maximal dimension and is Federer. Next we give 
an example (suggested by Einsiedler) of a fractal measure on [0, 1] with the 
same property but singular to the Lebesgue measure. First we divide [0, 1] 
into 3 subintervals of the same length | and cut the middle open interval 
out. We denote the remaining two closed subintervals by [1] and [2] with 
the natural ordering from left to right. Next we divide these two intervals 
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[2/1, • • • ,2/n,2] [yi,...,yn,2n + 2] 



— < >■ 
n + 1 n + 



2n 2n + 3 



Figure 1 . Stage n interval [yi, . . . , y„] 

into 5 subintervals of the same length ^ and cut the middle interval out. 
We denote the remaining closed intervals inside [1] by [1, 1], [1, 2], [1, 3], [1, 4] 
with the left to right ordering. We denote the remaining closed intervals 
inside [2] in a similar way. In this construction, we allow some overlappings 
of end points so that all the remaining intervals are closed. 

This process is continued for all natural numbers n. That is after n-th 
step we have 

(1.3) 2-4---(2n) 
intervals which have the same length 

(1.4) L..^. 

^ ' 3 2n + l 

Each of them is denoted by [yi, . . . ,yn] where I < yi < 2i. Such a closed 
interval is said to be of stage n. Then we cut all of them into 2n + 3 
subintervals of the same length and take the middle open interval out. For 
the stage n interval [yi, . . . , y„] , we denote the remaining 2n + 2 subintervals 
by [yi, . . . , y„, yn+i] with the left to right ordering where < yn+i < 2n + 2. 
See figure [T] for the process of dividing a stage n subinterval. 

We use Cn to denote the union of all stage n subintervals. Let C = Cn, 
then in view of (jl.3p and (jl.4p we have 

2 2n 

(1.5) m(C7) = lim m(C7„) = lim -•••—— = 

n— >oo n^oo d Zn + i 

where m is the Lebesgue measure. The last equality of (jl.Sp follows from 
2 2n \'^^f2 2n \ /3 2n + l^ _ 



^3 2n + iy ~V3 2n + lJ \A 2n + 2 J 2n + 2 
One can define a measure on C C [0, 1] by assigning 

Proposition 1.6. Let fi on [0, 1] be the probability measure above, then /x 
has local maximal dimension and is Federer. 

We omit the proof here, the reader can consult Section 4.1 of the author's 
thesis [S| for a proof. Many other examples can be constructed in a simi- 
lar way. It is easy to see that local maximal dimension is invariant under 
products. It is mentioned in |KLW] that Federer is invariant under products. 
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too. So we may see many examples of measures on [0, 1] with local maximal 
dimension, or in addition Federer and singular to the Lebesgue measure. 

1.4. Method of proof. We are going to translate the diophantine proper- 
ties to properties of trajectories for the action of a diagonal matrix on the 
homogeneous space X = SL{m + n,Z)\SL{m + n,M) in Section [6l This 
method is developed in |Dal] and [KMj and then was used also in |KLW| . 
[KWj and |Shj for various kinds of problems. 

Our diophantine approximation result follows from an equidistribution 
result in Section[5j We put a measure of local maximal dimension on [0, 1]"*" 
in the unstable submanifold of X. We denote the new measure by and 
translate the property of fi into the homogeneous setting where we say v has 
local maximal dimension in the unstable horospherical direction. We prove 
that the average of along the orbit is equidistributed with respect to the 
Haar measure mx if there is no loss of mass. 

We will use the entropy theory developed by Margulis and Tomanov in 
|MT| to prove the equidistribution result. They proved that the measure on 
X of maximal entropy under diagonal actions is precisely the Haar measure 
mx and the maximal entropy can be computed according to the entries of 
the diagonal matrix. This method will be reviewed in Section [H 

To use the entropy theory, we need to show that the average of u along 
the orbit has no loss of mass. In general we do not know whether this is 
true since X is noncompact. Einsiedler and Kadyrov are working on this 
question under weaker assumptions and have obtained some positive results 
on special cases. If m = 1, we can also use Theorem 3.3 of [KLW] to establish 
the non-escape of mass property. In Section [3], we show that local maximal 
dimension and Federer imply absolutely decaying, hence friendly. Therefore 
with an additional Federer assumption, we get non-escape of mass property 
and the corresponding diophantine approximation result. 

Acknowledgements: The author would like to thank his advisor Man- 
fred Einsiedler for his help in preparing this paper and his advice on how to 
write articles. 



We fix a locally compact topological space X and a continuous map 
T : X ^ X. Let B stand for the Borel cj-algebra of X. We assume all 
measures on X are Radon and the convergence of measures is under the 
weak* topology. 

2.1. Equidistribution and non-escape of mass. A sequence of prob- 
ability measures fin on X is said to be equidistributed with respect to a 
probability measure A, if 



2. Preliminaries 




lim fj,. 



A. 
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Definition 2.1. Let fi and A are probability measures on X. We say that 
H is equidistributed on average with respect to A if the sequence 

fc-1 



(2.2) ^^k = lJ2'^i^^ 

1=0 

is equidistributed in the sense of (j2.ip . 

It is well known that any limit measure of the sequence (j2.2p is T-invariant. 
The following lemma tells us how to compute the value of the limit measure 
on a good Borel set. 

Lemma 2.2. Suppose fin {n ^ 1) (md fx are probability measures on X and 
B ^ B is relatively compact. If fj,{dB) = and fin — > fi, then fj,n{B) f^{B). 

Definition 2.3. For a probability measure /i on X, we say there is no loss 
of mass (or non-escape of mass) on average if for any limit point v of the 
sequence 



fc-1 

1^, 



1=0 



one has z^(X) 



Lemma 2.4. Let fii {i = 1, 2) be probability measures on X and fi = c/ii + 
(1 — c)^2 for some < c < 1. If fi has no loss of mass on average then fii 
(1 < 2 < 2) has no loss of mass on average. 

2.2. Entropy. Next we we review the definition of entropy. More details 
can be found in |EW] and |Wa] . Let 7^ C ;S be a finite or countable partition 
of X by Borel measurable subsets, then the entropy of V is 

Let Q be another partition. Then the common refinement of V and Q is 
denoted by 

V\/Q = {PnQ^(/>:P£V,QeQ}. 

The common refinement of finite collection of partitions is defined similarly. 
We use T~^{T') to denote the partition of X consisting subsets of the form 
r-i(P) for Per. 

Definition 2.5. Let {X, B, fi, T) be a measure preserving system and let V 
be a partition of X with finite entropy, then the entropy of T with respect 
to V is 

(2.3) h^{T,V) = lim -H^ ( W T-'v] 
The entropy of T is 

(2.4) h^{T)= sup h^{T,V). 
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3. Friendly measure and non-escape of mass 

3.1. Non-escape of mass. Friendly measure is defined in |KLWj . so let us 
review some concepts in that paper. In this section the norm on is || • H^; 
which is induced from the standard inner product of M". For x G R" and 
r > 0, B{x,r) stands for the open ball of radius r centered at x under || • ||_b. 
For an affine hyperplane C C M", we denote by dc{x) the distance from x 
to C. By £('^) we denote the e-neighborhood of £, that is the set 

(3.1) ^= G R" : dc{x) < e}. 

Let /X be a Radon measure on M" and U be an open subset. We say /x is 
Federer on U if there exists c, /3 > such that for all x G supp(/i) n U and 
every < 5 < s with B{x, s) <ZU one has 

(3.2) i,{B{x,5))>c(^-^\{B{x,s)). 

We will say that // is Federer if for fi-a.e. x £ X, there exist a neighborhood 
U oi X such that fi is Federer on U. 

Let C,a > and U be an open subset of M". We say fi is absolutely 
(C, a)-decaying on U if for any non-empty open ball B = B(z, r) C U with 
z £ supp(^), any affine hyperplane £ C M" and any e > one has 

(3.3) fi{BnC^'^) <C (^^y fi{B). 

We will say fi is absolutely decaying if for ^u-a.e. yo G M", there exist a 
neighborhood U of yo and C,a > such that fi is absolutely (C, a)-decaying 
on U. 

Friendly measure in |KLWj is defined as Federer, nonplanar and decay- 
ing. The measures interested to us are absolutely decaying which implies 
nonplanar and decaying. 

The non-escape of mass is related to Theorem 3.3 of |KLWj . The homo- 
geneous space is a special case of Section [H Here n > 0, G = S'L„+i(]R), 
r = S'L„+i(Z) and X = T\G. Let t > and 

(3.4) a = diag(e*,--- ,e*,e-"*) G G. 

The dynamical system is T = Tq : X — > X which sends x G X to xa~^. We 
define the following maps from M" to G and X: 

Hy) = ['; r(,)1^^r^(,). 

Recall that X can be identified with the space of unimodular lattices of 
IR"+^ For e > 0, we define 

(3.5) F, =^ {A G : \\v\\e > e V u G A\{0}}, 

i.e., F^ is the collection of all unimodular lattices in M"+^ which contain no 
nonzero vector smaller than e. It is easy to see that {F^}^^q is an exhaustion 
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of X. With these preparations, we can state Theorem 3.3 of [KLW| as 
fohows: 



Theorem 3.1. Suppose fi is a friendly measure on and a as in ^3.4\ )- 
Then for fi-almost every G M", there is a ball B centered at yo and 
C,a > such that for any I G Z>o and e > 0, 

(3.6) fi{{y G B : r{y)a-' FJ) < Ce". 

Now let us fix a probabihty measure fi on and assume it is friendly. 
We can cover supp(/i) by countably many open balls such that Theorem 13. II 
holds. Therefore given a positive number 6 (close to 0), there exist balls 
Bi, . . . , Bm such that Theorem 13. II holds for all of them with the same C, a 
and /i(U-Bj) > 1 — 6. So for any integer I > and any e > 0, 

l^{{y G : T(y)a-' FJ) 

m 

(3.7) < S + J2l^i{y^Bi:T{y)a-' ^F,})<5 + mCe'' 

i=l 

This allows us to prove the following non-escape of mass result: 

Corollary 3.2. Let fi be a probability measure on and T,a as above. If 
fi is friendly, then v = t^,^ has no loss of mass on average with respect to 

T = Ta. 

Proof. Let rj he a limit point of the sequence 

lYl'i=oTii^- Without loss of 
generality we may assume r/ = limfc^oo ^ Yl^=o ^Iv. 

Given e > 0, we want to compute rj{F^). It is easy to see that if ei < e, then 
Ff: is contained in the interior of F^^. Therefore we may assume r]{dFf:) = 0. 
Fe is relatively compact by Mahler's criterion ( |Ra] Chapter 10). According 
to Lemma 12.2^ 

1=0 1=0 
^ k-l 

= lim vyZKiy e ■■ r{y)a-' G FJ) 
1=0 

k-l 

(3.8) = 1- hm -^M{yGlR":^(yK'0^e}). 

1=0 

Apply estimate p.7p for (j3.8p . we have 

v{Fe) >l-6 + mCe" 

for some constants m,a,C > which do not depend on e. By taking e ^ 
(for those with r]{dFf^) = 0), we have 

r]{X) >l-5. 

Since 5 is arbitrary, rj{X) = 1. □ 
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3.2. Local maximal dimension and friendly. Let /i be a Radon mea- 
sure on [0,1]", then we say ^ is Federer, absolutely decaying or friendly if 
as a measure on M", it is Federer, absolutely decaying or friendly. We will 
show that if /i has local maximal dimension and is Federer, then it is abso- 
lutely decaying and therefore friendly. To avoid confusion we review some 
notations. We use || • || to denote the sup norm on M" and Bs{x) for the ball 
of radius s center x under this norm. || • H^; stands for the Euclidean norm 
on M" and B{x, s) stands for the ball under this norm. 

If /X has local maximal dimension, then as a measure on M" it has the 
following property: There exists sq > such that for any e > 0, < 5 < 1, 
< s < So, and x £ M", one has 

(3.9) KBssix)) «. 

Since /i is Federer, for n-a.e. y £ M", there is a neighborhood U of y such 
that /U is Federer on U, that is (|3.2p holds. 

Let us fix y and U as above. Suppose tq > such that Bgnroiu) C U 
and 9nro < sq where sq is the upper bound of s in (j3.9p . Here the radius 
9nrQ is used so that the balls we are considering below are inside U. In 
the following three lemmas, we use (13. 9|) and (13. 2p to show fi is absolutely 
(C, a)-decaying onV = Br^ (y) for some C, a > 0. 

Lemma 3.3. Let B = B(z,r) C V where z £ supp(^) and C be an affine 
hyperplane o/M". Suppose < e < r, then BCiC^^^ can be covered (measure 
theoretically) by as few as 2 (^)" ^ sets of the form B^^n{x) where x £ B. 

Proof. Let us fix some notations first. In a Euclidean space with a fixed 
orthonormal basis ball and box mean the usual figure in Euclidean geometry. 
We will say n-ball or n-box if we want to emphasize the dimension. Without 
loss of generality, we assume B n C^""^ is nonempty. 

The closure of in M" is a family of affine hyperplanes parallel to C 
Each of them is an Euclidean space under the induced inner product if we 
fix an origin. We can fix an orthonormal basis for all of them so that we 
can talk about box and ball as above. Under these frames a hyperplane 
intersects i? in a ball of radius < r. Let L be a hyperplane such that Lf] B 
has the largest area. Since LCiB is a (n — l)-ball of radius < r, it is contained 
in a (n — l)-box of length 2r. Such a box can be covered by 

(n — l)-boxes of length 2e. From Euclidean geometry, we know each (n — 1)- 
box of length 2e is contained in an (n — l)-ball of radius 

eVn — 1 < ^n. 

So we can find a covering of n L by (n — l)-balls Bi, . . . , B^ in L centered 
at -B n -L with radius en for some integer m <2 ^. 

Assume Bi has center Xj, then the ball B{xi,3en) in M" contains Bi. 
We claim that B(xi,3en) for 1 < i < m cover B D C^''\ To see this, let 
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X €z B n C^^\ Since B f] L has the largest area, there exists b £ B f] L such 
that \\x — b\\E < 2e. Note b £ Bi for some i, so ||6 — Xi\\E < en. Therefore 

ll^; — XiWe < ll^; — b\\E + \\b — Xi\\E < 2e + en < 3en. 

The lemma follows from the fact that B{xi,3en) C i?3e„(xj). □ 

Lemma 3.4. Let B = B{z,r) C V where z G supp(/i). // < e < r and 

X £ B, then 

/ g\ n-O.l 

(3.10) KBsenix)) < C (^-) f^{B{z,r)) 

where the constant C does not depend on B, x and e. 
Proof. By <K^ . 



(3.11) n{B^en{x))<Ci[ ^Ji{Br{x)) = C (-] fi{Br{x)) 



r J 

for some constant Ci and hence C depending on the exponent 0.1. Since 
X £ B = B{z,r) C Br{z), we have Br{x) C B2r{z). Apply this for (|3.1ip . 

/f\ 71—0.1 /g\n— 0.1 

(3.12) ^l{B^en{x))<Ci^-) M(52r.(2)) <C(-j ix{B{z,2r^)) 

since n-box B2r{z) is contained in n-ball B(z,2r^/n). Recall that z £ 
supp(/i) and B{z,2ry/n) C C/ by the technical choice of V. If we take 
2ry/n and r as radius in (13. 2p . we have 

(3.13) ix{B{z, r)) > c (^^) ^ f^iB{z, 2rV^)) 

for some c, /? > which depend on U. (13.131) implies that 

(3.14) ii{Biz, 2r^)) < C2fi{B{z, r)) 
where C2 depends on U. Combine (j3.12p and (13.14[) . we have 

f^{B3en{x)) < CC2 (^)""°''/i(i?(z,r)). 

The dependence of C and C2 implies CC2 is independent of x and e. □ 
Lemma 3.5. /x is absolutely decaying on V . 

Proof. Let i? = B(z,r) C F where z £ supp(^) and C be an affine hyper- 
plane of M". Suppose < e < r, then by Lemma 13.31 we can cover B n jC^*^-* 
by balls B^^nixi) for Xi £ B and 1 < i < m < 2 (^)" ^. So 

m 

/x(Sn£(^)) < J^//(S3en(Xi)). 

i=l 

By the estimate for ^{B^^nixi)) in Lemma ElU we have 
/z(5n£(^)) < mC (^-j /i(S(z,r)). 
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where C is independent of C and e. By the upper bound of m above, 

(3.15) ^i(Bf^&^) < 2C (^^y'\{B{z,r)). 

If e > r, (I3l^ holds for C = 1. □ 

Therefore, we have proved that for fi-a.e. y there is a neighborhood V of y 
such that is absolutely decaying on V. We summarize the result as follows: 

Theorem 3.6. Let fi be a probability measure on [0,1]". // fi has local 
maximal dimension and is Federer, then fj, is absolutely decaying, hence 
friendly. 

4. Diagonal actions on homogeneous spaces 

4.1. General setup for homogeneous spaces. In this section we setup 
the general concepts and notations for Lie groups and their homogeneous 
spaces that are used in Section [5l 

Let G C SL{N,M) be a closed and connected subgroup with identity 
element e. Let F C G be a discrete subgroup and define X = T\G. Any 
g & G acts on X by right translation g.x = xg~^ = T{hg~^) for x = Th G X. 
Recall that F is a lattice if X carries a G- invariant probability measure mx, 
which is called the Haar measure on X. From now on we assume that the 
discrete subgroup F is a lattice. 

We fix a left invariant metric d'^ on G and use Bf{x) (or Bf if x = e) to 
denote the ball of radius r centered at x G G. We define a metric d on X by 

(4.1) d{Tg,Th) = mid^{^g,h). 

For any compact subset K oi X, there exists r > 0, such that the map 
B^ X defined by sending g ^ G to xg where x G -fC is an isometry. We 
call r an injectivity radius on K. 

Let a G G and consider the map T = Ta ■ X ^ X defined by T(x) = 
a.x = xa~^. We define the stable horospherical subgroup for a by 

G^ = {g : a^ga~^ — > e as / — > cxd} 

which is a closed subgroup of G. Similarly one can define the unstable 
horospherical subgroup by 

G^ = {g : a^ga~^ e as I ^ — oo} 

which is also a closed subgroup of G. The centralizer of a is the closed 
subgroup 

G° = Gcia) = {h:ah = ha} 

Next we define a special kind of diagonalizable elements which are first 
defined by Margulis and Tomanov in |MT] in the setting of real and p-adic 
algebraic groups. Here we use the more general concept in |EL| . Section 7. 
We say that a is M-semisimple if as an element of SL{N, R) a is conjugate to 
a diagonal element of SL(N,M). In particular, this implies that the adjoint 
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action Ada (ofla^^) of a on the Lie algebra 5 of G has eigenvalues in R so is 
diagonalizable over M. We say furthermore that a is class £/ if the following 
properties hold: 

• a is M-semisimple. 

• 1 is the only eigenvalue of absolute value 1 for Ada- 

• No two different eigenvalues of Ada have the same absolute value. 
For a class £/ element a we have a decomposition of the Lie algebra q 

into subspaces 

= 0_ e 00 © 0+ 

where 0o is the eigenspace for eigenvalue 1, 0_ is the direct sum of the 
eigenspaces with eigenvalues less than 1 in absolute value, and 0+ is the 
direct sum of the eigenspaces with eigenvalues greater than 1 in absolute 
value. These are precisely the Lie algebras of G^,G~,G~^, respectively. 

Here and hereafter, we assume 0+ is an eigenspace of Ada and G^ is 
abelian. Let t > be the logarithm of the absolute value of the eigenvalue 
on 0+. We fix a basis ei, . . . , e„ of 0+ and use || • ||+ to denote the sup norm 
under this basis, i.e. 

(4.2) ||6iei H 6„e„||+ = sup \bi\. 

l<i<n 

Let Bf (or B^{s)) be the ball of radius s centered at zero of 0+ under this 
norm. Similarly we fix a basis consisting of eigenvetors for 0o and 0_. We 
use II • llo and || • ||_ to denote the sup norm under these basis. There are 
corresponding concepts and B~ . 

There exists a > and an open subset G of e in G such that the map 

(4.3) ^■,B~ + B^^ + B^^G 

which sends {x,y,z) to expxexpyexpz is a diffeomorphism. a and 99 are 
fixed for Section S] and O Each element of G naturally corresponds to an 
element 

x + y + zeB- + B^ + B+CQ 
via the above diffeomorphism 93. 

We define the projection map vr : G ^ 0+ by 

(4.4) 7r(exp u~ exp exp u'^) = u'^ 

for u~ E B^, vP G B^ and G With these definitions we can say 
that the multiplication in G is local Lipschitz in the sense of the following 
lemma: 

Lemma 4.1. Given e, t > 0, there exist r, s > such that 

(4.5) exp(S7) exp(i?0) exp(5+jS,« C G 
and 

(4.6) ||7r(/ii) - 7r(/i2)||+ < e'Mhig) - 7r(M)|| + 
for any /ii, /i2 £ exp(i?7) exp(i?^) exp(i?^^) and g G B^ . 
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The above lemma follows from the fact that vr is smooth and we can give 
each space a proper Riemannian metric according to the norm. We omit 
the proof, and the reader may see Section 5.1 of the author's thesis [S] for a 
detailed proof. 

Definition 4.2. We say that {r,s) is (t, e)-regular, if they satisfy (14. 5p and 
dM]) above. 

In the following lemma we are going to consider more precisely how Ad^ 
changes elements of 0_ and 0+. 

Lemma 4.3. Suppose G and u'^ £ Bf, then Ada(u^) G B^ and 
Ad„(n+) G B%^. 

Proof. We prove the part concerning 0+ and the other part can be proved 
similarly. Recall that t is the logarithm of the absolute value of the eigen- 
value on 0+. So by the definition of || • ||+ in (|4.2p . 

||Ad,(n+)||+ = e*||u+|| + . 

□ 

4.2. Entropy and measure. Let a G G be a class element and T = 
Ta : X ^ X he the map which sends x £ X to a.x = xa~^. In this section 
we review the results about using entropy to classify T-invariant measures 
on the homogeneous space X. The method dates back to Ledrappier and 
Young |LYj who used entropy to classify invariant probability measures on 
compact Riemannian manifolds under a smooth map which answered a ques- 
tion by Pesin. Later their method was adapted by Margulis and Tomanov 
in |MT] to the settings of products of real and p-adic algebraic groups. In 
|MT| measures invariant under unipotent flows are classified. Along the way 
measures of maximal entropy for diagonal flows are also characterized. A 
convenient modern reference of these results is [EL] . 

Theorem 4.4 ( |MT] ) . Let ^ he a T-invariant probability measure on X, 
then 

(4.7) /i/,(T) < -log|detAda|0_| 

and equality holds iff is invariant. 

A Lie group G which has a lattice as a discrete subgroup is unimodular. 
This implies det(Adg) = 1 for all g £ G. Thus 

(4.8) -log|detAda|0_| = log | det Ada | g+ | = nt. 

bmce h^{T) = hf,{T-^), if equality holds in (|i77D . we will have a similar 
equality for T^^ which is defined by action. Thus fi is invariant under 
the closed subgroup generated by G^ and G^ . It is not hard to see from 
the definition of G"*" and G~ that they are a-normalized subgroups of G. 
Furthermore the closed subgroup generated by them is normal since G is 
connected. In the literature, this subgroup is called the Auslander normal 
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subgroup for the element a. In many cases this theorem shows that the Haar 
measure on X is the unique measure of maximal entropy, e.g. 

Corollary 4.5. Let T be a lattice of G and X = T\G. If the action of the 
Auslander normal subgroup of a is uniquely ergodic on X , then X has a 
unique measure mx of maximal entropy under map T . 

Remark 4.6. If the Auslander normal subgroup of a is the whole group G, 
then its action is automatically uniquely ergodic. Hence Corollary 14.51 is 
true. 

5. EQUIDISTRIBUTION OF MEASURES ON HOMOGENEOUS SPACES 

In this section notations are the same as in Section HI So G is a closed 
connected linear group with identity e, F is a lattice of G, X is the homo- 
geneous space r\G, and mx is the probability Haar measure on X. Also 
a G G is an element of class ^ and T = Ta : X ^ X \s the map that sends 
X to a.x = xa~^. Recall that we assume G^ is abelian and its Lie algebra 
g+ is an eigenspace of Ad^ with dimension n. 

5.1. Properties of measures. 

Definition 5.1. Suppose k > and ^ is a Borel probability measure with 
compact support on X. We say /i has local dimension k in the unstable 
horospherical direction if there exist sq > and a finite measure A on X 
such that for any Q < s < s < sq, u & Bf with Bf + ud B+ , < S < 1 
and X £ supp(/i) one has 

/i(exp(57) exp(S°) exp{Bj- + u).x) 

(5.1) 6''X{exp{B;) exp(S°) exp(5± + u).x). 

We will say has local maximal dimension in the unstable horospherical 
direction if there exist sq and A as above such that (|5.ip holds for any 
K < n. 

We say has so-local dimension k in the unstable horospherical direction 
if So is known. If sq < " for the a in (j4.3p . then (p can be used and (|5.ip is 
the same as 

^(99(57 + S° + S+ + u).x) 6^Xiip{B- + S° + Bf + u).x). 

For the fixed basis ei , . . . , e„ of 3+ , we define a map ip : M" — > 0+ which 
sends (xi, . . . ,Xn) to xiei + • • • + Xn^n- ip is an isometric isomorphism 
with respect to the sup norm of 0+ under the chosen basis. The composite 
ip o ip : M"- — > G"*" C G is a homomorphism of Lie groups as G"*" is assumed 
to be abelian. Let us fix some x £ X and define r : M" X that sends 
6 G J to xif o 'ip{b). See Figure [2] for the relationship of these maps. Recall 
that Bs{x) (or Bs ii x = 0) stands for the ball of radius s centered at x in 
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X 



G 



Figure 2. Relationship of maps 

Proposition 5.2. Let ^ be a Borel probability measure on J with local 
maximal dimension. There exists sq > such that if B(j{x) C J and 
^{Bfj{x)) 7^ for some Q < a < sq, then r*z^ where v = -jj^^g-j^lAB^ix) 
has local maximal dimension in the unstable horospherical direction. 

Proof. Suppose r is an injectivity radius on r(J). We choose some < sq < 
a/2 for the a in (|4.3p such that fi has SQ-local maximal dimension and 

(5.2) ^iB-^+B%+B+)cB^. 

For a < sq and e > 0, we prove that has so-local dimension n — e in the 
unstable horospherical direction. So it suffices to prove 

r*{lJ^\B^{x)){^{B- + B° + B+ + u).y) 

(5.3) «, 5^-'tM^{B; + B'',+B+ + u).y) 

where 6, s, s, u are as in the setting of Definition 15.11 and y = r(6) for some 
b€B^{x). 

To analyze the t^:{p\b^(x)) P^^^ (15. 3|) . it is convenient to write 

(5.4) t{B^{x)) =^ipo^p{B^ + x) = yipoyj{B^ + x-b). 
Since b £ B^ + x, o" < sq < and V' is an isometry, 

t{B^{x)) n ^{BJ + 5° + Bj, + 7.).y 
= ip{Bt + Hb - x)).yf]^{B; + 5° + B+ + u).y 
= ip{B+ + ^l^{b-x)).y[]ip{B++u).y 

(5.5) = yifo 7p{B^ + x-b)f^yipo ip{Bss - c) 
where c = ^/;~"'^(n) G M". In view of (j5.5p . 

r-i(^(i?- + i?o + i?++n).y)ni?.(x) 
consists exactly z G Ba{x) such that z — 6 G i?^^ — c. So 

(5.6) Ass = Bss{b - c) n B„{x) c 5^5(6 - c). 
To compute the n/i part of (j5.3|) . let 

^- ""^l' T~i((^(i?- + i?o + B+ + u).y) D T-\ip o ^{Bs + c).?/) 

(5.7) = T-i(x(^o^(Bs + 6-c)) D 5,-(6-c). 
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Since ii has local maximal dimension, (13.90 holds, i.e. 

(5.8) ij{Bss{b - c)) «, - c)). 
By dSSl), dSZl) and ^ 

^i{Ass) < KBssib - c)) «, 6^-'f,{Bs{b - c)) < 6^-'^l{As). 
This completes the proof. □ 
5.2. Equidistribution of measures. 

Theorem 5.3. Let fi be a Borel probability measure on X. Suppose is 
abelian and g+ is an eigenspace of Ada- If fJ- has local dimension k in the 
unstable horospherical direction for some k > and p is a limit point of the 
sequence ^ X]f=o^ such that p{X) > 0, then hp{T) > Kt where v = • 

Proof. Without loss of generality, we may assume 

^ fc-i 
V = lim — >^ Tip. 

1=0 

We fix some < e < min{|, 1} and will construct a finite partition 7^ of X 
such that 

(5.9) hu{T,V) > Kt + f{e) with lim /(e) = 0. 

In view of the definition of h,^ (T) in (|2.4|) and (|5.9|) , 

h,{T)>Kt + f{e). 

Let e — > and we see h,^(T) > Kt which completes the proof. The proof of 
(|5.9p is divided into four steps. 

Step one: Construction of the partition V. Fix a compact set K D supp(/i) 
with I'iK) > 1 — e^. Choose some positive numbers r and sq such that 2r 
is an injectivity radius on K and p has so-local dimension k in the unstable 
horospherical direction. By shrinking r and sq we may require that (r, sq) 
is (t, e)-regular as in Definition 14.21 and e*so < a for the a in (j4.3p . so that 
(j4.5p . (j4.6p hold and if in (j4.3p can be used. Fix some < s < sq such that 

(5.10) ip{B)-^ip{B) C B^ 
where 

(5.11) 5 = i?7+i?o + i?+^C0. 

Consider the covering of K by sets of the form ip{B).x where x G K and 

(5.12) B = B- + 5° + B+ C 0. 

Since K is compact there exists a finite covering with centers Xi for 1 < i < g. 
We may assume that xi, . . . ,Xp £ supp(/i) and ip{B).Xi for 1 < i < p cover 
supp(/i). Furthermore by enlarging s a little bit but still requiring s < sq 
and (j5.10p . we may assume that v[d{'^{B).Xi)) = for each i. Let 

(5.13) Pi = ip{B).Xi for l<i<q, Pq = X - K 
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and 

(5.14) V = {Pi ■■ 1 <i <p}. 

Note that elements of P cover supp(;u). The construction of V is as follows: 

(5.15) Pi = Pi, P2 = P2\PuP3 = P3\iPl U P2), . . . , P, = P,\(|J Pi) 

1=1 

and 

PO = X\ U P^■ 

i=l 

It follows that 

(5.16) u{Po) < v{X\K) < e^. 

Note that Pq may be an empty set if X is compact but we may assume 
Pj / for each l<i<q. We set 

7' = {Po,Pi,...,P,}. 

Step two: General estimate. Let 

m—l 
i=0 

Then from Definition 12.51 



(5.17) K{T,V)= lim -H,iV^)= lim - V i/(Q)(- log z.(Q)). 

m—>oo Tfl m— >oo fn ^— ' 

In the above equation the sum runs over all the nonempty sets of the form 

(5.18) Q = Qonr~^Qin---nr-("-^)Q^_i where Qi(^V. 
Let 

(5.19) a[Q) = sup ; , 



(5.20) P, = {x e X : sup y V xpo (r'^) > e} 

where xPq is the characteristic function of Pq. Then a{Q) > e implies 
Q C B^. By the maximal ergodic theorem, 

(5.21) ez.(P,) < z.(Po) < e^, 
which implies z^(Pe) < £• Let 

(5.22) Q^ = {Qe V,n : a{Q) < e}, 
then 
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Therefore 

(5.23) "(Q) > 1 - e 

In view of (|5.17p and (|5.23p . an estimate of i^{Q) for Q £ Qm will be enough 
to prove (|5.9p and hence the theorem. 

Step three: Estimate of ^{Q) for Q £ Qm where Q is in the form of (j5.18p . 
Recall that 

Q = Qo n • • • n Qm-i = Pj,n---n P,^_, cP,,n---n Pj^_, 

where Pj- is the open subset defined in (jS.lSp . For simplicity of notations 
we set Qi = Pj^, so Qi = ip{B).yi for some yi £ K \i Qi ^ Pq. Under these 
notations 

Since Qi is open and Qq ^ Pq, we may assume Q = ip{U).yo for some open 
subset U C B. 

Let N = N{Q) =^ \{i e Z : < i < m,Qi = Poll- Since Q e Qm, we 
have 

(5.24) N < me. 

Then by Lemma 15.91 U can be covered by as few as 

(5 25) 12^71 ^ntN+e{m—l—N)n ^ 2-'^'^g"*-'V+™'^^ 

tube-like sets (see ()5.43p for the precise definition) of the form 
(5.26) B; + S° + S+(e-(*-^)(™-^)s) + UCB 

where u £ Bf. Let us fix such a covering TZ of U, then (|5.24p and (|5.25p 
imply 

(5 27) |7^| < 2^"g'^*^"'""*'^^ < ^ntme+mne+mnElog2 gmeA 

where A = nt + n + n log 2 is a constant since the system T : X ^ X is 
fixed. Recall that u{dQ) = 0, by Lemma 12.21 we have 



HQ) < HQ) lim T J^ri/i(Q) = lim - ^ ri^(^([/).yoj 



k—>oo k k—^co k 

1=0 1=0 

< limsup - ^ ri^(^(ii).2/o) = limsup - ^ /x(r~'((^(i?).yo)) 
''^'^ 1=0 Ren 1=0 ReTZ 

Recall that the elements of P defined in (I5.14p cover the support of fi, so 
for each R £ TZ we have 

fiiT-'iipiR).yo)) = f,{T-\^{R).yo) n P). 
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Therefore 

fc-i 

(5.28) u{Q) «^(^) limsup-^ J] fi{T-\ip{R).yo) n P). 

1=0 Ren p^f 

Since |P| is fixed and \R.\ is bounded above efficiently in (j5.27p . it suffices 
to estimate 

(5.29) ^l{T-\^{R).yo)r^P) 

for each R and P. So let us fix some R G TZ in the form of (|5.26|) and 
P = ip{B).y G P for some y G supp(/u). We first cover B by tube-like sets 
of the form 

(5.30) V = B- + B^^ + B+{e'^^s) + v C B where v £ B^ 

in a way that there are not many (bounded absolutely) overlaps. For an 
interval Bf' C M, it can be covered by < e*' + 1 intervals of the form 

Bf^u, +uCBf where u e Bf 

such that each of them intersects at most 2 of others. Since B^ is the same 
as a direct product of n copies of Bf, we see that B+ can be covered by as 
few as 

(5.31) (e" + 1)" 

sets of the form (j5.30p and each of them intersects at most 3" elements 
including itself. This not many overlapping property later will give ()5.36p . 
Now let us fix a covering of i? as above, then 

(5.32) T-\^{R).yo) n P C \J T-\^{R).yo) n ip{E).y. 

Let us fix some E £ £ in the form of (15.30p . Then by Lemma 15.61 and 
Remark 15.71 

(5.33) T-'{ip{R).yo) n ip{E).y C ip{W).y 
where is a tube-like set of the form 

(5.34) B~ + 5° + 5+(e-*(™-i+0+'»^s) +wCEcB 
with w £ Bf nE. 

By assumption n has local dimension k in the unstable horospherical 
dimension, so according to Definition 15.11 there exists a finite measure A on 
X such that 

(5.35) (e-*('"-^)+™^)''A(v9(5- + + B+{e-'^s) + w).y). 

Strictly speaking w in ()5.34p depends on R, E and P, but we will index it 
by E for simplicity since we are trying to estimate (|5.29p where R and P are 
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fixed. As the multiplicity of the intersections of the sets in E are bounded 
by 3", we have 

(5.36) ^ A((/j(57 + 5° + S+(e-"s) + WE)-y) < 1- 

Now combining (l532]l . ([03l) . (lOSi) and ([536|) we have 

/x(T-'(V9(i?).yo)nP) < ^M95(flni?).yon99(ii;).y) 

(5.37) g(_^(„^-l)+rr^.)^_ 

By (ICT]) . (fCTj) and (fOT]) . 

^^(Q) <K,p(X) 1^1 1^1 exp ((-t(m - 1) + me)«;) 

(5.38) = 1^1 exp(— mKt + meK + me^ + Kt). 

Since t and k are fixed, e'^* is a constant. We are trying to estimate h^{T, V), 
so the number |P| determined by V is fixed. Therefore, 

(5.39) u{Q) <-K,p(x),v exp {m{-Kt + e/t + e^)) 
for any Q £ Qm- 

Step four: Conclusion. With the results of step three we can complete the 
estimate of K{T,V). By (|5l7D and (15:22]) 

(5.40) /i^(r,P) > liminf- V i/(Q)(- log z.(Q)). 

QeQ™ 

By 

(5.41) - log z^(Q) > m{Kt -eK-eA) + M 

for some constant M depending on /t, p{X) and "P. In view of (I5.40p and 

K{T,V) > (Kt-eK-e^)liminf V iy{Q) 

QeQm 

> {Kt-eK-€A){l-e) 
where the last inequality follows from (|5.23|) . Note that 
lim(-eK - eA)(l - e) - Kte = 0. 

This establishes (15.91) hence the theorem. □ 



Theorem 5.4. Let fi be a Borel probability measure on X. Suppose 
is abelian, g+ is an eigenspace of Ada, and the action of the Auslander 
normal subgroup is uniquely ergodic. If p has local maximal dimension in 
the unstable horospherical direction and there is no loss of mass on average 
with respect to T , then 

^ k-l 

lim - Vri^ = mx. 
fc^oo k ^-^ 
1=0 
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Proof. Let u he a limit point of the sequence ^ Yl'i=o under the weak* 
topology. The assumption about no loss of mass implies that z/ is a proba- 
bility measure on X. According to Definition 1 5 . 1 1 and the assumption about 
the measure, fi has local dimension k in the unstable horospherical direc- 
tion for any k < n. Therefore Theorem 15.31 implies hi,(T) > nt for any 
K < n. So hy{T) > nt. On the other hand, Theorem 14.41 and (j4.8|) imply 
hu{T) < nt. Thus hi,{T) = nt. By assumption, the action of the Auslander 
normal subgroup is uniquely ergodic, so u = mx by Corollary 14.51 □ 

Remark 5.5. The no loss of mass assumption is superfluous in many cases, 
see Corollary 13.21 

5.3. Proof of lemmas. In this section we are going to prove the lemmas 
that are used in the proof of Theorem 15.31 Before doing this, let us fix 
some notations according to the construction of V in step one of the proof. 
Suppose < e < min{|,l}, K is a compact subset of X and 2r be an 
injectivity radius on K. Let < s < e^^a for the a in (14. 3p and set 
B = B- + B'^ + B+t^, B = B- + B^ + Bf so that can be used for 

elements of B. An element of B is usually represented by u~ + + u"*" 
where u~ G 9-,u^ G go; and u'^ G 0+. This will be referred to as the 
standard representation of elements in g. We also assume 

(5.42) ^{By'^iB) C B^ 

and (r, s) is {t, e)-regular so that ()4.5p and (|4.6p hold. An open subset of B 
is called tube-like if it is of the form B^ -\- B^ + Bf -\- u where 

(5.43) n G 0+ and Bf+uC B+ . 

For g,h £ G, we use rjg{h) to denote ghg^^ . In the proof of the following 
lemmas the assumption is abelian is used. 

Lemma 5.6. Suppose m > 0, I > 1 and we have tube-like sets 

(5.44) V = B; + B° + B+{e-^^''^"'s) + v 

(5.45) W = B- + B^^ + B+{e-*^^-^h) + w. 
Then for any x,y £ K , 

(5.46) T-\<f{V).x) n 'p{W).y = (p{U).y 

where U {possibly empty) is contained in a tube-like set of the form 

(5.47) B^ + S° + 5+(e-*('"+')+('"+i)^s) + u C W. 

Remark 5.7. It is obvious that the conclusion is still valid if we replace W 
by 

Wi = B- + S° + S+(e-*'s) + wCW. 
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Proof. We may assume T~'- {ip{V) .x) r](p{W) .y / 0, otherwise the conclusion 
is trivial. Let g S (p{U) C ^(W). Suppose c = exp(ty), then from the shape 
of W in (j5.45p we have 

(5.48) vr(5c-^) E B+ {e-'^^-^h) . 

So gc~^ = (p{w~ +w^ + If"*") where w~ +w^ + is the standard represen- 
tation for ip^'^{gc^^) and € i?^(e^*('~-'^)s). Thus 

(5.49) = ^p{Ad^i{w-) + w^ + Ad^i{w+)) 
Therefore, 

(5.50) a'fir.y = {a!" gc~^ a~'-)a!- c.y = ip{kd^i{w~) +11^ + Ad„i (y;+))a'c.y. 
According to Lemma l43| Ad„!(u;^) G i?^ and Ad„!(it;+) G B'^tg- So 

(5.51) Ad„i(u;~) + + Ad„i(u;+) G 5. 
Since g G ^{U), ()5.46p implies g.y G T~'((/7(F).x). So 

(5.52) a''g.y = Lp{v).x for some v £ V C B C B. 
From the two expressions of a'g.y in (j5.50p and (j5.52p . we have 

(5.53) a^c.y = (p{Ad^i {w~) + w° + Ad^i {w^)y^(f{v).x. 
By dSai]), (15311) and (I532D . 

(5.54) (^(Ad„i(ti;^) + u;° + Ad„i(u;+))-V(t*) G ^r^- 
Therefore, 

a c.y = k.x for some k £ B^. 

and 

(5.55) a'g.y = a} gc~^ a~\a!- c.x) = a} gc~^a~^k.x. 
Let /i G (/?([/) be another element, then 

(5.56) a}h.y = a} hc~^ a~\a} c.x) = a}hc~^a'%.x. 
By ([532]), ([539]), ([53T]) and similar results for /i, 

(5.57) a}gc-^a~\a^hc-^a-^ £ Bf. 

Since (r, s) is (t, e)-regular (see Definition I4.2p . we have 
(5.58) 

\\'K{al-gc~^a~'') - T:{a}hc'^a~^)\\^ < e^\\TT{a'-gc~^a~''k) - Tr{a''hc~^a~''k)\\ + . 
In view of ()5.57p and the fact k G B^, 

a^gc^^a^''k,a'-hc^^a^'-k G S^. 
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Recall that a'g.y, a'/i.y E ip{V).x and 2r is an injectivity radius of x, so 15.551 
and 15.56] imply a''gc^^a^^k,a^hc^^a^^k G </'(y). According to the shape of 
V in (I5.44p . we have 

(5.59) \\Tr{a^gc-'^a-^k) - Tr{a^hc-^a-^k)\\+ < 2e-(*-^)™s. 
By (I538D . (|539D and Lemma SSI 

||7r(g)-7r(/i)||+ = H^C^c"^) - vr(/ic-i)|| + 

< e-"||7r(a'5c"^a"') - 7r(a'/ic"^a-')||+ 

< e-*'el7r(a^5C-^a-'/fc) - TT{a^hc-^a-^k)\\ + 

□ 

Lemma 5.8. Suppose Qi = (p{B).Xi for Xi €z K and < i < m, which are 
open subsets of X. If Q = Qo n T'^Qi n • • ■r\T-"^Qm, then Q C ip{U).xo 
for some tube-like set U C B of the form 

B- + Bl + 5+(e-(*-^)™s) + u. 

Proof. The lemma is proved by induction on m. If m = 0, then Qq = 
ip{B).XQ and the lemma is true in this case. 

Now assume the lemma is true for m — 1, then we may assume 

Qi n T'^Q2 n • • • n T~^"''^^Q^ c ipiV).x 

where 

(5.60) V = B~ + 5° + 5+(e-(*-^)('"-^)s) + v 

is a tube-like set of B. It follows from Lemma [5.6l (m and / there equal m—1 
and 1) that 

Q C Qo n T-\ip{V).x) c ip{U).xo 
for some tube-like set 

U = B- + B° + S+(e-*'"+™^s) + u. 

□ 

Lemma 5.9. Let J\f be a subset of {1, . . . ,m} with N elements, Qi be an 
open subset of X for < i < m such that Qi = ip[B).Xi for some Xi G K if 
i N. Let 

Q = Qon T-^Qi n • • • n r-"'g„ = ipiu).xo 

for some open subset U of B. Then U can be covered by as few as 

g-j^-^ 2Nn^ntN+e{m—N)n 

tube-like sets of the form 

B; + 5° + B+(e-(*-^)'"s) + u 

where u £ Bf. 
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Proof. Let D be the total number of blocks of numbers in M, i.e. D = 1 if 
M = + . . . ,i + j} C N. We are going to prove the lemma by induction 
on D. If D = 0, then = and it is proved in Lemma 15.81 

Now suppose D > and the lemma is true for D — 1. Let i + 1, . . . ,i + j 
be the first block such that {i + 1, . . . ,i + j} C M. So 

(5.62) k^Ar[fk<i and i + j + l^Af. 

Lemma [5S] applies to Qq n T^^Qi n • • • H T~^Qi = Lp{W).xo and tells us that 
W is contained a tube-like set of the form 

B- + B^ + S+(e-(*-^)*s) + u. 

For the interval -B^_(t_j)i^, it can be covered by as few as 

e-(.t-e)i . 

open intervals of the form + b C B^_^^_^^i^ where 6 G M. Since 

B~^{e~^^~^^^s) is isomorphic to the product of n copies of B^-.(t-e)ig, it can 
be covered by as few as 

(5.63) (2e*^+")" = 2"e"*^+"'^ 
tube-like sets of the form 

(5.64) B; + S° + B+{e-'^'+^^s) + w. 

Let M^i be one of them. 
Now let us consider 

for some open subset V of B. The induction hypothesis implies that V can 
be covered by as few as 

(5.65) 2(^"-')"e"*^^~-'^'^^^'""*"''^-^"^^"-'^^" = 2(^~-J')"e"*^^"-'^+^^'^"*~^~-^^" 
tube-like sets of the form 

(5.66) B; + S° + S+(e-(*-^)(™-^--'-i)s) + V. 

Let Vi be one of them. As the product of (j5.63p and (|5.65p is bounded by 
the number in (j5.6ip . it remains to see 

ip{Wi).xonT-'-^-\ip{Vi).Xi+j+i) = ip{U).xo 

for some open subset U which is contained in a tube-like set of the form 

(5.67) 57+5° + 5+(e-(*-^)'"s) + u. 

Lemma 15.61 (m and / there equal m — i — j — 1 and i + j + 1) implies that 
[/ is a contained in a tube-like set 

B~ + S° + S+(e-(*-^)'"+('"-*--'>s) + u 

which is a subset of ()5.67p . □ 
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6. Applications 

In this section we are going to interpret the improvements of DT in the set- 
ting of homogeneous space. Let G = SL{m + n, M), T = SL{m + n,Z),X = 
T\G and mx be the usual probabihty Haar measure on X. G acts on ]R™+"' 
(considered as Mi^m+n) by g{£,) = as matrix multiphcation. Let be 
the set of unimodular lattices in M^^". G acts on Vt by ^(A) = = {vg : 
V £ A}. G acts transitively on and the stabilizer of Z*""^" is F. Thus 
r\G = as a set. We endow ri with the natural locally compact topology 
of r\G. In this topology, a sequence {Aj}j converges to a lattice A iff Aj 
has a basis . . . , ^m+nl ^ a basis {bi, . . . , bm+n} such that 

(6.1) limft^'^ =bi,..., Iim6^^, „ = bm+n- 

i i 

Mm,n = M™" stands for the space of m x n matrices with real entries. 
Recall that || • || stands for the sup norm of M.^ and Bs{x) (or Bs if x = 0) 
stands for the ball of radius s centered at x under the sup norm. There is a 
map 

(6.2) (f) : Mm,n ^ SL{m + n,R) 

which sends Y G Mm,n to the block matrix ^ y ^ ^ • Let iV be a positive 
integer and t = log N. We set 

e-^'^/n \ / iV"™/„ 



" > e*"/^ J ~ \ iV"/„ 
Recah Y G DI„ iff there exist q G Z™\{0} and p G such that 

(6.3) iV""||qy + p|| < and iV-"||q|| < o" 
for large enough. (|6.3p is equivalent to 

(6.4) ||(p,q)</,(y)a^i|| = || (A-(p + qF), iV-"q) || < a. 
So y G DI,, iff 

(6.5) min{||e|| : ? G Z™+Xy)a^\ ^ ^ 0} < a 
for all large enough N depending on Y and a. 



Let 



K^ = {Aen: min Ull > a} and x = = L G X. 

C6A\0 



It is well-known that if < o" < 1, then ATq- is an open neighborhood of x. 
Also, the larger the a is, the smaller the set K„ would be. In these notations 
(16.51) is the same as 



(6.6) x,/.(y)a^i K^. 

So DT can be cr-improved for Y if (j6.6p holds for all with large enough 
N. Let r : Mm,n — > X be the map which sends y to x</>(y). For a £ G, we 
use Tq : A ^ A to denote the map that sends x G A to xa^^. 
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Theorem 6.1. Let fi be a locally finite measure on Mm,n o-nd T = Ta where 
a = UM for some integer M > 1. If there exists so > such that for any 
s < sq and any ball Bs{x) one has 
^ k-l 

(6.7) lim - Y,Ti{TMB.{.))) = l^{Bs{x))mx, 

1=0 

then DT can not be improved for jjL almost every element. 

Proof. We need to show for any < a < 1, DT can not be cj-improved for 
/i almost every Y . So let us fix some < cr < 1 and prove /x(DIo-) = 0. 
Since ^ is locally finite, there are sufficiently large real numbers R such that 
fi{dBji) = 0. So it suffices to prove /u(DIo- n Br) = if ii{dBji) = 0. Let us 
fix such a positive number R. 

Claim: there exists < r < 1 depending on a such that for any s < sq one 

has 

(6.8) fi{m„ n Bs{x)) < Tfi{Bs{x)) 

for any x E Mm,n- Let us assume the claim for the moment and prove 
//(DIo- n Br) = 0. Suppose otherwise, then we may choose an open subset 
U of Br containing Dig- n Br such that 

(6.9) ^l{u) <-fi{Bi^nBR). 

T 

Since fi is locally finite, U can be covered (measure theoretically) by count- 
ably many disjoint balls Bs^{xi) C U for Sj < sq and Xi G X. By (j6.8p . 



(6.10) ^l{u) = Y,KBsM)) > 7 n 5,,(x,)) = ^//(di, n Br). 

i i 

By dSJl) and (l6T0]) . we have 

KU) > KU). 

This contradiction shows that ;u(DIo- H Br) = 0. 

Let us prove the claim. We fix < s < sq and some x £ Mm,n- Since 
o" < 1, Kfj is an open neighborhood of x. Hence there exists e > such that 

mx{K„) > e. 

So there exists a continuous function < / < 1 such that 

supp(/) C and / f dmx > ^. 

Jx ^ 

We apply this / for (j6.7p . then 
(6.11) 



^ k-l 

lim — y 

k^oo k ^ 
1=0 



f f{^<P{b)a]^)dfi{b) = fi{Bs{x)) [ /dmx > ^KBs{x)). 

Bs(x) Jx ^ 



Let 

E = {b £ Bs{x) : x(p{b)a]^j Kg- for / large enough}. 
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As in ()6.6p . if 6 G DIo-, then x</)(6)a^^ for all large N. In particular 

^(t>{b)a^ = x(f){b)a-li if^ 
for / large enough. So we have 

(6.12) Bl„nBsix)cE 

From the definition of E and / we see that 

fc-i 

(6.13) hm -J2f{Mb)ajj) = 

1=0 

if b ^ E. Note as a function of b, ^ Yl^=o /(^'/'(^)^m) bounded above by 
the constant function 1, so the dominated convergence theorem implies 

fc— 1 

(6.14) hm f /(^'^(^)«m) Mb) = 0. 
By (lelTT) and (|6l^ . 

fc— 1 

A.(B,(x)\i^) > hm \ Y,j f{^Hb)a-J) dl^ib) > ^fi{B,{x)). 

Combine this with (j6.12p . we have 

(6.15) ^i(DI, n Bsix)) < ii{E) < (l - /u(S,(x)). 

Since e only depends on o", we may set r = 1 — f • This completes the proof 
of the claim. □ 

Remark 6.2. Suppose supp(//) is contained in a compact set A = clo{Bji{y)) 
for some R > and y G Mm,n such that /u(574) = 0. It is easy to see from the 
proof of Theorem 16.11 that it suffices to assume (j6.7p holds for Bs(x) C A. 

Theorem 6.3. Let fi be a Borel probability measure on [0, 1]™" c Mm,n 
with local maximal dimension. If r^fi has no loss of mass on average with 
respect to T = Ta where a = um for some integer M > 0, then DT can not 
be improved for jj, almost every element. 

Proof. By Proposition 15.21 there exists sq > such that if Bs{x) C J and 
fi{Bs{x)) / for some < s < sq; then r*i/ where u = ^(g"^(^)) /^l_Ba(a:) 
local maximal dimension in the unstable horospherical direction. 

Since r=K/i has no loss of mass on average, Lemma 12.41 implies T^,u has no 
loss of mass on average. Therefore Theorem 15.41 implies 

1 '''^ 
hm Y^TUniy) 

That is 

^ fc-i 



+CX) K 

1=0 



+ CXD k 

1=0 
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It is easy to see from the local maximal dimension property of /u that 
f^{dJ) = 0, so the assumptions of Theorem 16.11 and Remark 16.21 are sat- 
isfied. Therefore the conclusion follows. □ 

In author's opinion, the assumption of non-escape of mass is superfluous 
in Theorem 16.31 The following are some facts about non-escape of mass 
property of a measure with local maximal dimension: 

• m = n = landG = 5L(2,M). 

This is proved in an unpublished paper of Einsiedler, Lindenstrauss, 
Michel and Venkatesh using hyperbolic geometry of the upper half 
plane. 

• m = l,n = 2 and G = SL{3,R). 

This is proved by Einsiedler and Kadyrov. In fact they are working 
on the non-escape of mass problem uner weaker assumptions and 
trying to generalize their method to the cases with m = 1 or n = 1. 

• /i is in addition Federer. 

Since Federer and local maximal dimension imply friendly (Theorem 
13. 6p . Corollary 13.21 gives the conclusion. This proves Theorem 11.51 
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